For the 1-D harmonic oscillator with position depending variable mass, a Hamiltonian and constant of motion are given through a consistent approach. Then, the quantization of this system is carried out using the operatorp, for the Hamiltonian, and the operatorv for the constant of motion. We find that the result of both quantizations brings about different quantum dynamics. * gulopez@cencar.udg.mx
Introduction
Mass variable systems have been important since the beginning of the Classical Mechanics [1] [2] [3] [4] [5] , and now they are becoming even important in Quantum Mechanics [6] [7] [8] [9] . These type of systems are not invariant under Galileo (non relativistic) or Lorentz (relativistic) transformations [10] . However, Newton's equation of motion can be still be used to study these non relativistic systems [11] as a good approximation of their dynamics. Taking this point of view, a consistent approach for 1-D conservative systems with position depending mass [12] has been already made, where an effective potential depending of the variation of mass appears. This effective potential is missing in other approaches [15, 16, 17] where quantization of these systems is also studied. We consider that this effective potential must be included in any attempt to get a Lagrangian or Hamiltonian for these type of systems, and, of course, it must have a great deal of importance when one is dealing with the quantization of these systems. In this paper, we will use the effective potential approach to study the quantization of the harmonic oscillator with position depending mass. In addition, we make the comparison of the energy labels resulting from the quantization of the Hamiltonian ( using thex and p = −i ∂/∂x operators), and the quantization of the constant of motion ( using thex andv = −i( /m)∂/∂x operators).
Constant of motion and Hamiltonian
There is an expressions found in [12] for the constant of motion and Hamiltonian of a conservative system with position depending mass,
and
where m 0 = m(x 0 ), and x 0 are the mass and the position of the particle at the initial time t 0 , and F (x) is the external conservative force. Applying these expression for the harmonic oscillator, where the force is given by F (x) = −kx (with k being a constant), the above expressions are written as
To proceed with the analysis, one needs a model for m(x). Let us assume that
where m 1 = dm(x)/dx is the rate of increasing or decreasing the mass of the system. With this model, the constant of motion and Hamiltonian are (x 0 = 0)
where we have defined ω = k/m 0 . Assuming m 1 x/m 0 ≪ 1 and using up to second order in Taylor expansion in the Hamiltonian, these expression are
that is, the constant of motion and Hamiltonian are of the form
where K 0 , W K , H 0 , and W H are defined as
,
Quantization
To see whether or not the quantum dynamics described by the relations (6) and (7) are different, it is enough to consider W K and W H as perturbation of K 0 and H 0 respectively. The quantization with the Hamiltonian is carried out through the usual association of an Hermitian operator H(x,p) [13] , being the Hermitian operatorp defined asp = −i ∂/∂x, and solving the Schrödinger's equation
The quantization with the constant of motion is also carried out through the association of an Hermitian operator K(x,v), being the Hermitian operatorv defined asv = −i( /m 0 )∂/∂x, and solving the Schrödinger-like equation
Because of the expressions (5a) and (5b), the equations (10) and (11) corresponds to autonomous systems, the proposition
reduces the solutions to solve the eigenvalue problems
Since W H and W K are considered as perturbations of the harmonic oscillator with constant mass , it is enough to know the eigenvalues up to second order in perturbation theory to see whether or not there is a difference on the quantum dynamics. From the perturbation theory, it is well known [13] that up to second order on perturbation theory, the eigenvalues are given as
with E
ξ,n being the eigenvalues associated to H 0 or K 0 ,
and E
ξ,n and E
ξ,n are given by E
(1)
The eigenstates {|n } are the eigenstates of H 0 or K 0 which represents the functions
being H n represents the Hermit polynomials, and the constant α is given by α = mω/ .
Eigenvalues of E H,n .
As we can see from (5b), one requires to assign Hermitian operators to the functions xp 2 , x 2 p 2 and x 3 . This can be obtained by using Weyl quantization method [14] , or identifying the powers of polynomial (x + p) l with the powers of operator polynomial (x +p) l for l = 2, 4. Doing either of these approaches, and using the commutation relation [x,p] = i I (being I the identity operator), one gets
In this way, the associated Hermitian operator to the function W H is
for convenience during evaluation of the matrix elements of the perturbation terms, one uses the ascent (a † ) and descent (a) operators instead ofx andp,
where one has the following properties
Thus, one obtains W H in terms of a and a † as
Therefore, using (12), (24) in (17) and (18), it follows that
where the constants σ, β, and η have been defined as σ = 3m
Thus, up to second order in perturbation theory, the energy of the system of the nth-state is
Eigenvalues of E K,n
As we can see from expression (5a), and from the previous calculation we have made, one needs to assign Hermitian operators to the functions xv 2 , x 2 v 2 4 and x 3 . In this case, one has that
Using the same method we used previously and the commutation relation (28), one has the following Hermitian operator for
Now, instead of the operatorsx andv , one changes to the ascend (a † ) and descend (a) operators through the relationsx
where a and a † have the same properties written in (12) . Proceeding similarly as what we did previously, one gets the following expression for W K
From this expression, we get
(32b) So, the energy associated to the quantization of the constant of motion in the nth-state is
The difference in the energy levels for the two methods of quantization (∆E n = E H,n − E K,n ) is
this difference is plotted in the next figure for m 0 = 10 −17 Kg, ω = 10 GHz, and for values of m 1 (units of
ξ,n be lower than 1% of E
n . 
Conclusions
We have made the study of the quantization of 1-D harmonic oscillator with position depending mass. We used two methods of quantization, one due to the usual Hamiltonian approach, and the other one is proposed approach based on the quantization of a constant of motion of the system. On both approaches, the Shrödinger's equation is used to see the quantum dynamics of the system. The position depending mass produces an additional term which is taken as a perturbation of the usual harmonic oscillator with constant mass. Using perturbation theory at second order, the energies associated to the Hamiltonian and constant of motion approaches was give, obtaining a difference in their values.This difference is not due to the fact that the resulting expression for K is exact , meanwhile for the Hamiltonian is an approximation to second order in Taylor expansion. Finally, it is our expectation that an experiment can be carried out to see whether or not the mass position approach and K-quantization approach can be verified experimentally.
